Nonperturbative effects of a Topological 0-term on Principal Chiral Nonlinear Sigma 

Models in (2+1) dimensions 
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We study the effects of a topological O-term on 2+1 dimensional principal chiral models, which 
are nonlinear sigma models defined on Lie group manifolds. We find that when = 7r, the nature 
of the disordered phase of the principal chiral model is strongly affected by the topological term: it 
is either a gapless conformal field theory, or it is gapped and two-fold degenerate. 

PACS numbers: 



Introduction: It is well known that topological terms in 
field theories are responsible for many profound phenom- 
ena in condensed matter physics. For instance, the one- 
dimensional SU(2) spin-1/2 Heisenberg quantum spin 
chain is known to be described by the 1+ld 0(3) Non- 
linear Sigma Model (NLSM) with a 9-term, for a (real) 
three-dimensional unit vector n on the two-dimensional 
sphere S 2 [lJ-Q] with action 



s ' = / d 2 x i(^n) 2 + 



wtabc n a d l _ l n h d„n c . (1) 



Throughout this article we will always work in imagi- 
nary time. The 0-term contributes a factor exp(i<dq) to 
the partition function of the NLSM for every field con- 
figuration n(x) in 1+ld space-time which has q topo- 
logical instantons. For a spin-s chain O = 2ns. This 
describes the Haldane conjecture which states that the 
integer spin chain is gapped while half-integer spin chain 
is gapless. The qualitative difference between integer and 
half-integer spin chains was attributed to the construc- 
tive and destructive interference between even and odd 
number of instantons at the two different values of O. 

A similar NLSM with a 0-term can be used0-Q to de- 
scribe the integer quantum Hall state in two dimensions, 
where the target space is U(2N)/[U(N) x U(N)] andQ 
N -+ 0. (When N = 1 this model reduces to the 0(3) 
NLSM in Eq. Q]) The quantized Hall conductivity [9| a xy 
is precisely identified with = 27rfc where k is integer. 
The plateau transition between different integer quan- 
tum Hall states is described by the same NLSM, but 
with = Tr(2k + 1). For those values of the NLSM 
possesses a fixed point at finite coupling g — g* which en- 
codes the long-distance physics at the plateau transition. 
This result is analogous to Haldane's conjecture about 
spin chains. 

In the present article, we will study the (2+l)-d Prin- 
cipal Chiral Nonlinear Sigma Model (PCM) with a theta 
term, which has the action 



S 



drd 2 x -^[d^d^U] 
^- i e llv M{^d ll U){U^d u U){U^d p U)]. (2) 



where U is a group element that belongs to a (simple) 
compact Lie group G, such as SU(N), SO(N), Sp(N). All 
these groups have nontrivial homotopy group n 3 [G] = Z, 
which implies that the corresponding principal chiral 
models possess instantons in (2+l)-d space-time, and 
that a 0-term can be added to the action (as in Eq. [2]). 
For arbitrary values of the PCM in Eq. [2] is invariant 
under a Gl X Gr symmetry, denoting left and right mul- 
tiplication of U by group elements. When Q — nk with 
integer k, the system also has time-reversal symmetry 
that transforms i — ¥ — i (throughout the paper we as- 
sume U carries a trivial representation of time-reversal) . 
Thus the time-reversal symmetry guarantees that when 
= nk, does not flow under RG; while in princi- 
ple can flow for any other value due to nonperturbative 
effects. 

Below, we will present our results first for the spe- 
cial case of G = SU(2). Subsequently, we will explain 
that our arguments and conclusions are in fact gener- 
ally applicable to a (simple) compact Lie group G. In 
the special case of G — SU(2) one can parametrize any 
group element in terms of a four-dimensional (real) unit 
vector (jf = (0°, (f) 1 , <fi 2 , 4> 3 ) on the 3-dimensional sphere 
S 3 as U = (jP + i(p l (T x + itfo-y + i(f> 3 a z . Now, the 
Gl x Gr = SU(2) L x SU(2) R symmetry group is iso- 
morphic to SO (4). This implies that for G = SU{2), the 
PCM in Eq.[2]can also be thought of as the (2+l)-d 0(4) 
NLSM with action 



S = I d 3 x ~(<9, 



12tt 2 



The goal of this paper is to provide a non-perturbative 
argument for the phase diagram of the (2+l)-d PCM 
with theta term, Eq. [2] in terms of the two coupling con- 
stants g and 0. Our result for this phase diagram is 
depicted in Fig. [5] below. Note that in the absence of 
space-time boundaries (i.e. what the bulk physics is con- 
cerned) we are allowed to compactify (2+l)-d space-time 
into a three dimensional sphere S 3 . First consider the 
case where is an integer multiple of 2ir, = 2irk, so 
that the 0-term contributes a factor of unity to the par- 
tition function for any nontrivial instanton configuration 
in the space-time. Thus, in the absence of boundaries 
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in space-time the phase diagram of PCM in Eq. [3] at 
= 2nk is identical to the model at O = 0. For small 
values of the coupling g, the system is in an 0(4) ordered 
phase with non-vanishing order parameter {(f>) ^ and 
three gapless Goldstone modes. For large g, on the other 
hand, the system is in a quantum disordered phase with 
a non-degenerate ground state and a fully gapped spec- 
trum. The quantum phase transition between the 0(4) 
ordered and disordered phases is an ordinary 2nd order 
transition in the 3D 0(4) Wilson- Fisher (WF) universal- 
ity class. 

The presence of a 0-term is not expected to affect the 
ordered phase, because in it instantons are suppressed. 
Therefore, it can only play a role for the transition into 
the disordered phase and in the disordered phase itself. 
In order to understand the disordered phase and the 
phase transition in the presence of a theta term, stan- 
dard perturbative methods fail[l(|. Thus in order to un- 
derstand the disordered phase of the PCM in Eq. [31 a 
non-perturbative argument must be developed, which we 
do in this article. Our conclusion is that there are two 
possibilities for the disordered phase of the PCM with 
a theta term (Eq. [3] and Eq. [2]) : It is either a gapless 
phase with power- law correlations for the fields U (or </>), 
or it is a gapped phase but with a two-fold ground state 
degeneracy. 

(l+l)-d Q(3) NLSM at<9 = tt: Before we start our ar- 
gument in (2+l)-d, let us first consider the (l+l)-d 0(3) 
NLSM with the 0-term in Eq. [IJ and focus on = tt. 
Since this model describes the SU(2) spin-1/2 chain, we 
know from the Lieb-Schultz-Mattis (LSM) theorem [l2[ 
that this NLSM is either a gapless CFT, or gapped but 
two-fold degenerate. Since the goal of this paper is to 
understand the (2+l)-d PCM field theories of Eq. [2] and 
Eq. [3] without recourse to any lattice spin model repre- 
sentations, we will first use a new argument to under- 
stand the behavior of the (l+l)-d 0(3) NLSM without 
using any microscopic lattice representations such as spin 
chains. Subsequently, we will generalize this argument to 
the (2+l)-d models. 
Our argument proceeds in four steps: 

Step (1). In order to understand the 0(3) NLSM Eq.Q] 
at = 7r, let us first look at = and = 2tt. At these 
values of 0, the system also has the discrete symmetry 
ft — > —ft, in addition to the S0(3) rotation symmetry. 
The bulk spectra for = and = 27r are identical, 
possessing a non-degenerate ground state and a gap to 
all excitations. 

Step (2). Now let us consider the system on a spatial 
interval with open boundaries at x = and x = L. Al- 
though the models with = and = 2tt have identical 
bulk spectra, they behave very differently at the bound- 
aries. Since the bulk is gapped, we can safely ignore the 
bulk, and focus on the boundary because the gap in the 
bulk will protect the effective boundary theory from any 



singular contributions. Since the boundary is a point in 
space, it is effectively described by a (0+l)-d 0(3) NLSM 
model. When = this (0+l)-d NLSM model is com- 
pletely trivial. However, when = 2-7T, the 0-term in 
Eq. [T] can be viewed as the 0(3) Wess-Zumino-Wittcn 
(WZW) term for the (0+l)-d 0(3) NLSM model at each 
of the two boundaries, at x = and at L: 

J dxj dr^e^Eabc n a d ll n b d v n c = WZW - WZW L .(4) 

The WZW term for a 0+1 dimensional 0(3) NLSM, ap- 
pearing on the right hand side, is defined as follows: In 
the (0+1 )-d ) NLSM the 0(3) vector ft is a function only 
of imaginary time r. Consider a periodic evolution of 
n(r), namely ft T= a = n T =p. Then ft is a mapping from 
a closed loop S 1 parametrized by r € [0, 0] to the target 
space S 2 . The WZW term is defined as the solid angle on 
the target space S 2 enclosed by the closed loop r S [0, 0\. 
The WZW term at level k can be explicitly written as 

f ik 

WZW = 2tt / dudr —e a b c en^n a di_ l n b d l/ n c , 

J OTT 

n(r, 1) = n(r), n(r, 0) = z. (5) 

Here, the function ft(r) has been extended to a mapping 
n(r, u) from a disc (r, u) , where < u < 1 and r G 
S 1 , to the target S 2 . The second line of Eq. [5] is the 
only constraint on this extended mapping. Unlike the 0- 
term, the coefficient k in Eq. [5] has to be an integer (llj. 
regardless of whether any discrete symmetry is present 
or not. By simply identifying u with x, one arrives at 
Eq.H 

It is well known that if a (Q+l)-d 0(3) NLSM, de- 
scribing the quantum mechanics of a point particle on a 
sphere, has a WZW term at level k, the ground state of 
this quantum mechanics is (k + l)-fold degenerate. In 
fact, the ground state of the (0+l)-d 0(3) NLSM with a 
WZW term at level k precisely describes a single SU(2) 
spin with S = k/2. In Eq. H the WZW term at each 
boundary is at level k = 1. This implies that the model 
in Eq. [T]has two fold degeneracy at each boundary when 
= 2tt. This conclusion again agrees with Haldane's 
conjecture, which states that the model with = 2tt 
describes the spin-1 chain. Moreover it recovers the well- 
known fact that the Haldane phase of the spin-1 chain 
has an unpaired spin-1/2 degree of freedom at each of its 
boundaries [13l4l5l |. 

Step (3). Now let us tune in Eq. Q] continuously 
from 2-7T to 0. Then the spin-1/2 boundary state has to 
disappear at a certain value of 0. When is tuned away 
from 2-7T, the discrete symmetry ft — > —ft of the system 
is broken (in a spin-1/2 chain, this discrete symmetry is 
translation by one lattice constant). One important fact 
is that the spin-1/2 boundary state cannot be destroyed 
without going through a bulk transition, even when the 
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FIG. 1: (a). We compactify the space of model Eq. [5] and 
Eq.[3]to a two dimensional cylinder. When <d — 2tt there are 
gapless boundary states localized at the two boundaries, (&). 
The first possibility when we tune Q from a 2n to 0, the bulk 
gap closes at O — ir. (c). The second possibility, the two 
states at <d — and <d — 2ir have level crossing at O = tt. 



discrete symmetry is broken. This is because, given a sin- 
gle spin-1/2, as long as the SO(3) symmetry is preserved, 
the spin-1/2 doublet degeneracy cannot be lifted. This 
conclusion can also be drawn by noticing that the coeffi- 
cient of the WZW term has to be quantized, no matter 
whether the discrete symmetry is broken or not. 

Step (4)- We have concluded that in order to destroy 
the boundary spin-1/2 state, a bulk transition has to 
occur. Here we assume the simplest case, i.e. that there 
is one single transition between = and 2tt. Then in 
this case there are exactly two possibilities for this bulk 
transition: 

4 A. The transition is of second order, meaning that 
the bulk gap closes continuously for some values of 
between = and 27r. Because the bulk spectrum is 
identical for and (27r — 0), this transition has to occur 
at = 7r if the bulk gap closes only at one value of 0. 
This implies that the bulk is gapless when = tt. When 
is approaching tt from 2tt, the boundary spin-1/2 state 
will become more and more delocalized, and eventually 
gets absorbed by the gapless bulk states at = tt. 

4B. The transition is of first order, meaning there is al- 
ways a bulk gap. However, at this first order transition, 
the two phases with = and = 2tt will have a cross- 
ing of their ground state energies, and this level crossing 
also has to occur at = tt. This implies that the ground 
state at = tt is two-fold degenerate. In this case, when 
is tuned from 2-7T to tt, the boundary spin-1/2 states 
will never dclocalize, they will simply disappear abruptly 
at = tt. An example of this phenomenon is the (1+1)- 
d CP^ model which is known li|-2(| to have a first order 
transition at = tt when N > 3. 



These two possibilities that we have arrived at above 
are completely consistent with the conclusion drawn from 
the LSM theorem for the SU(2) spin-1/2 chain. 

(2+D-A 0(4) NLSM at = tt: We will now generalize 
the arguments given in the previous paragraph to the 
(2+l)-d 0(4) NLSM with a 0-term, Eq.H Since we are 
only interested in the nature of the disordered phase of 
Eq. [3J we will consider the case with large values of the 
coupling g. 

Step (1). In order to investigate the disordered phase 
at = tt, we first look, as before, at = and 27r. 
Again, in the bulk these two disordered phases are both 
gapped with a non-degenerate ground state, while they 
have different boundary states. In order to look at the 
boundary states, we let the x direction be a finite interval 
< x < L while the y direction is periodic, so that the 
system is defined on a finite 2d cylinder (Fig. [TJi) . 

Step (2). At each boundary located at x = and 
x = L there is a (l+l)-d theory defined on (y, r)-space- 
time. Since the bulk is gapped when = and 2-7r, 
the kinetic term of the effective boundary theory is still 
that of a local 0(4) NLSM, Eq. [3J but now in (1+1)- 
d. When = 0, there is no nontrivial topological term 
at the boundary. However, when = 2tt, the 0-term 
of the (2+l)-d bulk 0(4) NLSM, Eq. H can as before 
be viewed as a WZW term of the (l+l)-d 0(4) NLSM 
appearing on the boundary. Thus, the boundary theory 
is described by the following 1+ld 0(4) NLSM with a 
WZW term: 



S = J dydr hdjf 
i2irk f 

+ / dudydre^ptabed ^d^d^dp^ 



(6) 



When = 2tt, the boundary WZW term has level k = 1. 
It is well known [ill [I?} that the long-distance behavior 
of this (l+l)-d 0(4) NLSM with level k = 1 WZW term 
is controlled by a stable fixed point at finite g* , and that 
this fixed point is precisely the SU(2)i CFT which de- 
scribes the nearest neighbor spin-1/2 Heisenberg chain. 
When = 2-7rfc and k = integer, the boundary is de- 
scribed at long scales by the SU(2) k CFT^E]. Thus 
once again, when is a non-vanishing integer multiple 
of 2tt the system possesses nontrivial gapless boundary 
states. 

Step (3). The same strategy that we used before can 
now be applied: When we tune continuously from 2-7T 
to 0, then the boundary state has to disappear through a 
bulk phase transition. This is because SO (4) symmetry of 
the (l+l)-d theory in Eq.[6]is, as mentioned in the intro- 
duction, isomorphic to the SU(2)l x SU(2)h symmetry 
of the PCM. It is this symmetry that protects the finite- 
coupling fixed point at g — g* of the bounday NLSM, 
EqJSl from being gapped out. In order to gap out this 
fixed point CFT, we need to break the SU(2) L x SU(2) R 
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symmetry down to the diagonal SU(2) symmetry, i.e. we 
need to induce a relevant back-scattering between left 
and right moving boundary modes. However, since our 
model Eq. [3J has 0(4) - SU(2) L x SU2) R symmetry 
for any value of the coupling g, such backscattering pro- 
cesses are absent. Thus, although tuning O away from 
2ir breaks a discrete symmetry of the system, the bound- 
ary CFT cannot be gapped out without going through a 
bulk transition. 

Step (4). Since the boundary states can only be de- 
stroyed through a bulk transition, there are the following 
two possibilities for this transition: 

4 A. This bulk transition is of second order, and it has 
to occur at = it. This implies that the disordered phase 
of the PCM in Eq. [3] is gapless at = n. Since the tran- 
sition is of second order, the ground state energy E(Q) 
has a singularity in its second derivative d 2 E(Q)/d& 2 at 
= vr (Fig. 13). 

4B. This bulk transition is first order and occurs at 
= 7T. At this transition the two gapped phases with 
= and = 2ir will have a crossing of their ground 
state energies, and this level crossing has to appear at 
= 7r. This implies, as before, a gapped spectrum and a 
two-fold degenerate ground state at = w. In this case, 
the ground state energy E(Q) has a kink at = tt, i.e. 
the first order derivative dE(Q)/dQ is discontinuous at 
= vr (Fig.CEfc). 

It is straightforward to generalize these arguments to 
other (2+l)-d PCMs with a Theta term, as in Eq. [2j 
defined on more general compact Lie group manifolds 
such as e.g. G = SU(N),SO(N) and Sp(N). The key 
argument rests on the gaplessness of the CFT (often de- 
noted by Gk) that describes the long-distance behavior at 
the finite-coupling fixed point of the (l+l)-d PCM with 
WZW term at level k and which appears that the bound- 
ary of the (2+l)-d bulk PCM at = 2iik. The gapless- 
ness of this CFT is protected by the Gl x Gr symmetry 
of the PCM with WZW term, which forbids[l7| all op- 
erators which are relevant in the renormalization group 
(RG) sense. 

Based on these arguments we obtain the two possibil- 
ities for the RG flow diagram of the two coupling con- 
stants g and of model Eq. [2] sketched in Fig. [2] 

So far, in our argument for G = SU(2), we have as- 
sumed full SO (3) symmetry in (l+l)-d, and full 0(4) 
symmetry in (2+l)-d. Our arguments only relied on the 
stability of the boundary states at = 2tt under dis- 
crete symmetry breaking (e.g. time-reversal symmetry in 
2+ld, n — > —ft in 1+ld). In fact, the stability of the 
boundary states is still guaranteed even if the continuous 
symmetry of the system is relaxed. For instance, in the 
(l+l)-d NLSM, the SO(3) symmetry can be relaxed to 
0(2) xy x Z 2>z , or even Z 2 . x x Z 2 , y x Z 2 , z . Here 0(2)^ 
denotes spin rotations in the XY plane, while Z 2fZ is the 
Z 2 symmetry that transforms z — > —z. To break S0(3) 
to 0(2)^ x Z 2)Z) one can simply add a term of the form 




2 fold 




I \ \ \ 



©=0 = ji = 2ji 0=3ji 
a 



©=0 = n = 2ji = 3ji 
b 



FIG. 2: The two possible RG flows for the coupling constants 
g and O of the (2+l)-d PCM on a compact Lie group G with 
Theta term, Eq. [2] (and Eq. [3] for G = SU{2)). There is 
always an ordered phase with small g. For G = 5(7(2), the 
phase transition is in the conventional three-dimensional 0(4) 
Wilson-Fisher universality class when = and 2tt, while 
the fixed points at Q — n are presumably in the different 
universality classes. 



(n x ) 2 + (n y ) 2 — 2(n z ) 2 in Eq. [T]to the Lagrangian. One 
can show that these symmetries guarantee that the two- 
fold degeneracy of a single spin-1/2 cannot be lifted, thus 
our conclusions about = 7r are still valid. 

In the 2+ld case, the 0(4) symmetry can be relaxed 
to 0(2) x 0(2), or 0(3) x Z 2 . Here 0(2) x 0(2) stands 
for the two separate 0(2) rotations between ((f) , <fi 2 ), and 
(</>°,</> 3 ) respectively. This 0(4) to 0(2) x 0(2) symme- 
try breaking can be induced by the following term in the 
Lagrangian: ((f) 1 ) 2 + ((f) 2 ) 2 -((f) ) 2 — ((f) 3 ) 2 . Under this sym- 
metry breaking, the bulk state with = 27r is analogous 
to the Quantum Spin Hall state [H, 22| with both charge 
conservation and spin S z conservation. Also, these two 
0(2) symmetries are the U(l) global symmetry and U(l) 
chiral ('axial') symmetry of the boundary states. It is 
known that with these two separate U(l) symmetries the 
boundary state of the quantum spin Hall state is stable 
even if time- reversal symmetry is broken. This is because 
if we want to gap out the boundary state without a bulk 
transition, then backscattering at the boundary has to 
be induced, but it is forbidden by the U(l) conservation 
of S z , or the unbroken U(l) chiral symmetry. 

In the case of 0(4) to 0(3) x Z 2 symmetry breaking, the 
0(3) is the symmetry that rotates between ((f) 1 ,(f> 2 ,(f> 3 ), 
while the Z 2 corresponds to (f>° — > —(f) . This symmetry 
breaking can be induced by adding following term to the 
bulk Lagrangian: X)a=i(^ a ) 2 — 3(0 ) 2 . This induces a 
term of the form A^ a JlJr> m the boundary CFT La- 
grangian, where J£ and denote the Noether currents 
for left- and right-multiplication by SU(2). This term is 
a marginal perturbation and, depending on the sign of 
A, is either marginally irrelevant or marginally relevant. 
But in both cases, the boundary with = 27r is non- 
trivial: it is either a gapless CFT or two-fold degenerate 
with ((f>°) at the boundary. In either case, a bulk 
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exp(!0/2) 




exp(-z©/2) 



FIG. 3: When the 0(4) symmetry of Eq.0is broken down to 
0(3) xZ%, the Skyrmion number is quantized on space S 2 . We 
map Eq. [5] to a one dimensional tight-binding model. Hop- 
ping between nearest neighbor sites corresponds to changing 
the Skyrmion number by 1. The 0-term grants two types 
of monopoles a factor exp(z0/2) and exp(— iO/2) respec- 
tively, which forbids nearest neighbor hopping when Q = tt 
due to destructive interference between these two types of 
monopoles. 



transition has to occur in order to gap out the boundary 
CFT, or to destroy the two-fold degeneracy at boundary. 

If the bulk spectrum of the G = SU{2) PCM of Eq. [3 
is gapped at = 7T, after rescaling the system to the in- 
frared limit this gap becomes infinity. Thus the coupling 
g can be taken to infinity effectively. Thus we can ignore 
the first term in Eq. [31 and focus on the second, topolog- 
ical term only. Since we are interested in the bulk prop- 
erties, we may compactify two dimensional space to a 
two-sphere S 2 ; i.e., any spatial configuration of 4>{x, y, r) 
at fixed time is a mapping from the two-sphere S 2 to the 
target space S 3 . Now, we can write the O-term in the 
following form: 

J dr (6-term) = J dr (i®d T <P) , 
$(t) = J d 2 x J du ^ e abcd e^ p rd^ b d,<f> c d P 47) 

Here, $ plays the role of the WZW term in Eq.01 In Eq.0 
we have extended the spatial dependence of <f)(x,y,T) 
at fixed time to a mapping from the three dimensional 
ball D 3 parameterized by (x,y,u) to the target space 
S 3 , so that the spatial two-sphere S 2 is the boundary 
of D 3 . Just like the WZW term, the only constraint on 
this extended mapping is (f)(x,y,l,r) = 4>{x,y,T), and 
cj)(x, y, 0, t) — (0, 0, 0, 1), for all times r. 

Now, as g is taken to infinity, the action Eq.[3j simplifies 
to that of a quantum mechanics problem, 

S= I dT^-{d T <S>) 2 +iQd T <5> + V {<$>), U -> 00, (8) 

where V(Q) is an effective potential for $. What is the 
physical meaning of $? To see this most intuitively, we 
can weakly break the 0(4) symmetry down to the 0(3) x 
Z2 symmetry like in Ref. [23}, and take $ = (0°, ft). Then 
$(t) precisely reduces to 

$(r) = — / dxdy e abc e^n a d ll n h d iy n c , (9) 



i.e. $(t) is related to the Skyrmion number of n evalu- 
ated at fixed time r. Once the 0(4) symmetry is broken 
down to 0(3) XZ2, $(t) is no longer a continuous vari- 
able, instead it is a discrete number, because the 0(3) 
Skyrmion number is quantized on the space S 2 . More 
precisely, when the instantaneous field n(x, y,r) at time 
r has q Skyrmions in 2d space, then $(r) = q/2. Thus 
this 0(4) to 0(3)xZ2 symmetry breaking is equivalent 
to turning on a strong periodic potential V(§) in Eq. [8] 
with periodicity 1/2, and the Lagrangian Eq.|8]reduces to 
a one dimensional tight-binding model with lattice con- 
stant 1/2 (Fig. |3j i.e. the size of the Brillouin zone of 
this tight binding model is 4-7T. Nearest neighbor hop- 
ping on this lattice is physically equivalent to changing 
the Skyrmion number on space S 2 by 1. 

To change the Skyrmion number, one needs a space- 
time hedgehog-like monopole configuration of n. The 
core of the monopole has <fi° ^ 0, and there are two dif- 
ferent types of monopole, depending on the sign of <fi° at 
the monopole core. The O-term will contribute a factor 
exp(i©/2) and exp(— i8/2) to the monopole with (fp > 
and (jP < respectively [23|. Thus when O = tt these 
two types of monopoles have complete destructive inter- 
ference with each other, and it is forbidden to change the 
Skyrmion number by 1, i.e. hopping by one lattice con- 
stant in Fig.[3]is forbidden. However, hopping by two lat- 
tice constants is still allowed, but the band structure will 
be doubly degenerate, namely on this one dimensional 
lattice the states with momentum p — and p — 2n are 
degenerate. The wavefunctions of these two states are 

|0)~5>>> |1)~5>1)%), (10) 
1 1 

where q is the Skyrmion number on S . 

Ref. [23| has considered the 0(4) to 0(3) XZ2 symme- 
try breaking in Eq. [3j and using a different formalism the 
authors argued that the disordered phase has two fold de- 
generacy at O = tt. Although the argument was different, 
the two degenerate ground states derived in Ref [23| are 
precisely the two states in Eq. [TU1 

Summary: We have found in this article, using non- 
perturbative arguments, that the quantum disordered 
phase of the (2+l)-d principal chiral models defined on 
(simple) Lie group manifolds with a topological O-term 
is either gapless or two-fold degenerate at O = n. Our 
conclusion is analogous to the LSM theorem for the one- 
dimensional SU(2) spin-1/2 quantum chain [12j. The 
LSM theorem has been generalized to higher dimensional 
lattice spin systems in Ref. [24| . The reasoning presented 
in this article, on the other hand, is entirely based on 
continuum field theories, without recourse to lattice spin 
representations. 
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